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ABSTRACT. A novel class of counting polynomials, called Cluj polynomials was 
proposed on the ground of Cluj matrices. The polynomial coefficients are 
calculated from the above matrices or by means of orthogonal edge-cuts. In this 
paper Cluj polynomial in bipartite hypercube hypertubes is presented. Definitions 
and relations with other polynomials and topological indices are derived. 
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INTRODUCTION 
 

A finite sequence of some graph-theoretical categories/properties, 
such as the distance degree sequence or the sequence of the number of k-
independent edge sets, can be described by so-called counting polynomials: 

   
k

kxkGpxGP ),(),(         (1) 

where p(G,k) is the frequency of occurrence of the property partitions of G, 
)()( GPGp  , of length k, and x is simply a parameter to hold k. In the 

Mathematical Chemistry literature, the counting polynomials have first been 
introduced by Hosoya [1]. Cluj indices and polynomial have been introduced 
by Diudea [2-6]. In bipartite graphs, the coefficients of CJ polynomial can be 
calculated by an orthogonal edge-cut procedure [7-9]. For this, a theoretical 
background is needed. 
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A graph G is a partial cube if it is embeddable in the n-cube nQ , 

which is the regular graph whose vertices are all binary strings of length n, 
two strings being adjacent if they differ in exactly one position. The distance 
function in the n-cube is the Hamming distance. A hypercube can also be 

expressed as the Cartesian product:  
 n

in KQ
1 2 . 

For any edge e=(u,v) of a connected graph G let nuv denote the set 
of vertices lying closer to u than to v:  ( ) | ( , ) ( , )uvn w V G d w u d w v   . It 

follows that  ( ) | ( , ) ( , ) 1uvn w V G d w v d w u    . The sets (and subgraphs) 

induced by these vertices, nuv and nvu , are called semicubes of G; the 
semicubes are called opposite semicubes and are disjoint [2,10]. 

A graph G is bipartite if and only if, for any edge of G, the opposite 

semicubes define a partition of G: ( )uv vun n v V G   . These semicubes 

are just the vertex proximities (see above) of (the endpoints of) edge 
e=(u,v), which CJ polynomial counts. In partial cubes, the semicubes can 
be estimated by an orthogonal edge-cutting procedure. The orthogonal cuts 
form a partition of the edges in G: 

1 2( ) ... , ,k i jE G c c c c c i j        .  

To perform an orthogonal edge-cut, take a straight line segment, 
orthogonal to the edge e, and intersect e and all its parallel edges (in a 
plane graph). The set of these intersections is called an orthogonal cut 
ck(e), k=1,2,..,kmax. An example is given in Figure 1. 

 
 

 

 CJS(x) = 
3·2·3(x5+x121)+3·2·6(x16+x110)+ 
3·2·8(x31+x95)+3·2·8(x47+x79)+ 
3·1·8(x63+x63) 
CJS’(1)=21924 
PIv(x) =  
3·2·3(x5+121)+ 
3·2·6(x16+110)+3·2·8(x31+95)+ 
3·2·8(x47+79)+3·1·8(x63+63) 
PIv’(1)=21924 
CJP(x) = 
3·2·3(x5·121)+ 3·2·6(x16·110)+ 
3·2·8(x31·95)+ 3·2·8(x47·79)+ 
3·1·8(x63·63) 
CJP’(1)=489090=CJP(G)=SZv’(1) 
 

Figure 1. Cutting procedure in the calculation of several topological descriptors 
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To any orthogonal cut ck, two numbers are associated: first one 
represents the number of edges ek intersected (or the cutting cardinality 
|ck|) while the second is vk or the number of points lying to the left hand with 
respect to ck. Because in bipartite graphs the opposite semicubes define a 
partition of vertices, it is easily to identify the two semicubes: nuv= vk and 
nvu= v-vk or vice-versa. 

By this cutting procedure, three cases have to be considered, as 
summarized in Table 1. 

 
Table 1: Mathematical operations and defined three polynomials 

 

 Operation Polynomial name Formula 
 
1 

Summation Cluj-Sum  ( ) k kv v v

e
CJS x x x  

 
 
2 

Pairwise 
summation 

vertex-Padmakar-Ivan 
( )( ) k kv v v

v e
PI x x    

 
3 Pairwise product Cluj-Product 

( )( ) k kv v v

e
SZ x x   

 
The first derivative, for x=1, of a counting polynomial provides single 

numbers, often called topological indices. It is easily seen that the first 
derivative (in x=1) of the first two polynomials gives one and the same 
value, but their second derivative is different and the following relations 
hold in any graph [11-13] 

(1) (1)vCJS PI   ;             (2) 

(1) (1)vCJS PI               (3) 

In bipartite graphs, PIv’(1) takes the maximal value, among all the 
graphs on the same number of vertices: 

(1) | ( ) | | ( ) |vPI e v E G V G                (4) 

This result can be used as a criterion for the “bipartivity” of a graph [7,8]. 
The third polynomial, CJP(x), uses the pairwise product; it is 

precisely the (vertex) Szeged polynomial SZv(x), defined by Ashrafi et al 
[12-14]. This comes out from the relations between the basic Cluj (Diudea 
[2,5]) and Szeged (Gutman [15]) indices:  

       
(1) ( ) ( ) (1)vCJP CJDI G SZ G SZ                (5) 

All the three polynomials (and their derived indices) do not count the 
equidistant vertices, an idea introduced in Chemical Graph Theory by 
Gutman. We call these, polynomials of vertex proximity. 
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LATTICE BUILDING 
 

In some recent papers [16,17], Diudea et al. proposed the embedding 
of n-Cube in surfaces other than the sphere. In case of open tubes, some 
examples are given in Figure 2. 

  
TU37_2_21 TU37_3_42  

   

 
TU510_2_50 TU510_3_100 

 

TU510_4_200; one slide 

 

 
TU37_4_84 TU37_4_84; one slide 

 
Figure 2. Examples of hypercube embedded in the (nano)tubes 
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RESULTS AND DISCUSSION 
 
All the three polynomials listed in Table 1 are exemplified, for some 

bipartite hypercube hypertubes TUrs in Tables 2 to 9. The analytical 
formulas were derived by numerical analysis. Numerical calculations have 
been done by TOPOCLUJ software [18]. 

 
 

Table 2: Cluj and related polynomials in TU4s 
 

Number of vertices and edges

1 ssTUV n 12|)4(|   22|)4(| 2   ssnsTUE n

PIv; PIv` and PIv`` 

2   sn
v

n

xssnxsTUPI
122 22),4(


 
 

3  22)1( 32   ssnsPI n
v  

4   2224)1( 2   ssnssPI nn
v  

Cluj polynomial and its derivatives 

5      ssn

s

i

isin nnn

xssnxxxsTUCJS
211 21

2
1

1

)(22 )1(122),4(


 




 



  

6  22)1( 32   ssnsCJS n
 

7     212412532
6
4)1( 22

2




ssnssnssSCJ n
n

Szeged polynomial and index 

8    221 42
2
1

1

)(4 )1(122),4( ssn

s

i

isin nn

xssnxxsTUSz


 




 



  

9  sn

s

i

n ssnsisisTUSz )1(12)(2)4( 263
2
1

1

23  




 



  
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Table 3: Cluj and related polynomials in TUrs 
 

Number of vertices and edges 
1 rsTUrsV n 22|)(|   222|)4(| 3   ssnrsTUE n

PIv; PIv` and PIv`` 

2   rsn
v

n

xssnrxTUrsPI
223 222),(



 
 

3  222)1( 252   ssnsrPI n
v  

4   22224)1( 123   ssnrssrPI nn
v  

Cluj polynomial and its derivatives 

5      rssn

s

i

isrrin nnn

xsnrxxrxTUrsCJS
322 22

2
1

1

)(221 )1(122),(


 




 




 

6  222)1( 252   ssnsrCJS n
 

7     2224412832
3
4)1( 222

4




snsssnsrsrSCJ n
n

 

Szeged polynomial and index 

8   22322 43
2
1

1

)(41 )1(122),( srsn

s

i

isirn nn

xsnrxrxTUrsSz


 




 



  

9  sn

s

i

n snsrisirTUrsSz )1(12)(2)( 2393
2
1

1

353  




 



  

 
Table 4: Examples: PIv; PIv` and PIv``; number of vertices and edges in TU45 

 

n PIv Polynomial  PIv` PIv`` v e 

3 2036x  720 13680 20 36 

4 4092x  3680 143520 40 92 

5 80224x  17920 1415680 80 224 

6 160528x  84480 13432320 160 528 

7 3201216x  389120 124129280 320 1216 
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Table 5: Examples: Cluj polynomial and its derivatives in TU45 
 

n Cluj polynomial CJ`(1) CJ``(1) 

3 48101216 884088 xxxxx   720 7120 

4 816202432 16161201616 xxxxx   3680 75040 

5 16404864 3232323203232 xxxxx   17920 739840 

6 32648096128 64648006464 xxxxx   84480 7001600 

7 64128160384256 1281281920128128 xxxxx   389120 64491520 

 
 

Table 6: Examples: Szeged polynomial and index in TU45 
 

n Szeged polynomial Szeged index 

3 64384100 81620 xxx   3280 

4 256384400 161660 xxx   34240 

5 102415361600 3232160 xxx   337920 

6 409661446400 6464400 xxx   3215360 

7 163842457625600 128128960 xxx   29818880 

 
 

Table 7: Examples: PIv; PIv` and PIv``; number of vertices and edges in TU68 
 

n PIv Polynomial  PIv` PIv`` v e 

2 4890x  4320 203040 48 90 

3 96228x  21888 2079360 96 228 

4 192552x  105984 20242944 192 552 

5 3841296x  497664 190605312 384 1296 

6 7682976x  2285568 1753030656 768 2976 
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Table 8: Cluj polynomial and its derivatives in TU68 
 

n Cluj polynomial CJ`(1) CJ``(1) 

2   2461218303642 10812 xxxxxxx   4320 111456 

3   48122436607284 31224 xxxxxxx   21888 1125504 

4   96244872120144 81648 168 xxxxxxx   105984 10842624 

5   1924896144240228336 201696 xxxxxxx   497664 
10124697

6 

6   38496192288480576672 4800192 xxxxxxx   2285568 
92491776

0 
 

Table 9: Examples; Szeged polynomial and index in TU68 
 

n Szeged polynomial Szeged index 

2 252432540576 12121254 xxxx   45792 

3 1008172821602304 242424156 xxxx   476928 

4 4032691286409216 484848408 xxxx   4700160 

5 16128276483456036864 9696961008 xxxx   44679168 

6 64512110592138240147456 1921921922400 xxxx   414056448 

 
 

CONCLUSION 
 

In this paper we presented the calculation of Cluj polynomial in 
hypercube hypertubes TUrs. Definitions and relations with other polynomials 
and their corresponding topological indices, were given. Analytical formulas as 
well as examples were tabulated. 
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